Abstract -The role of various factors such as bulk and surface diffusion of surfactant, surface viscosity and, in the case of emulsions, liquid flow in the drops, in determining the surface mobility and hence the velocity of thinning and the lifetime of liquid films are discussed. It is shown that: 1) With relatively low concentrations of surfactant soluble in the continuous phase surface diffusion plays a dominant role.
INTRODUCTION
When two particles (bubbles or drops) in a fluid dispersion (foam or emulsion) come close enough to each other they will coalesce if the surfactant concentration is low. With higher surfactant concentration coalescence might not take place. Then the particles may either rebound or form a (relatively) stable aggregate. Similar phenomena are observed during the flotation process or when a fluid particle approaches an infinite interface (solid or fluid). Although the final result of the collision depends on many factors, the hydrodynamic behavior of the intervening thin film plays a crucial role in determining the time scale of the overall process (Ref. 1) . Although some authors (Ref. 2) were able to treat the collision as occurring at arbitrary impact angles, the detailed hydrodynamic description of the thin liquid film seems at present possible only in the case of central collision, i.e. when the system of two colliding particles has axial symmetry. If such is the case, the overall process can be conveniently split into five stages: 1) movement of two single (non-interacting) particles; 2) hydrodynamic interaction of the slightly deformed particles; 3) strong deformation leading to a bell-shaped formation, called a "dimple"; 4) the dimple's gradual .disappearance or being pushed out (Ref. 3 ) and the formation of an almost plane-parallelfilm; 5) if the long-range repulsive forces are smaller than the attractive forces, the appearance at a critical thickness, hcr, of a hole or a thinner spot which subsequently expands until coalescence or equilibrium attachment takes place. If one defines the life-time of the particles, , as the time elapsed between the moment when they were set into motion and the moment when coalescence or equilibrium attachment was reached, it will equal the sum of the durations of all five stages.
The duration of stages 1 and 2 can be estimated using the available theories (Ref s. 4 & 5) .
Stage 2 starts at h/Ri 10 (see Brenner in Ref. 5 ) and finishes at h F/27rc10 (see Ref. 6) , where h is the distance between the interfaces, measured along the line of centers, R i's the particle radius, a0 is the interfacial tension and F is the driving (e.g. buoyancy) force. For particles moved by buoyancy force, F = (4/3)rRgp, (g -gravity acceleration, Lp -density difference between the particles and the continuous phase) with R = 0.1 cm, tp = 1 g cm, and reasonable values of the other parameters, the duration of either stages 1 or 2 is of the order of 10-2 sec. Stage 5 can be quite prolonged, in par-*On temporary leave from the University of Sofia. 
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ticular when leading to equilibrium attachment. However, when the surfactant concentration is low and coalescence takes place (this is precisely the case when surface mobility is very important), this stage lasts for less than lO sec (Ref. 7) . Therefore the overall life-time, which is usually of the order of 1 sec or larger will be determined by stages 3 and/or 4 (see below).
If the disjoining pressure can be neglected, the film shape will be determined by the parameter c = F/2vcYoRc = Rgtp/3c0 (Ref s 6 & 8) and the distance h between the surfaces. We were able to show (Ref. 8 ) that with c << 1 and h << F/2ir0 = CR (1) the film thins without forming a dimple. The central part of the film in this case is almost plane-parallel ( Fig. 1 ) and thins with a velocity only slightly different from the velocity of thinning of a plane-parallel film with suitably defined radius. This conclusion does not depend on whether there has been a dimple in the film before it reached thicknesses meeting the requirement (1) . Experimental investigations (Ref s. 3, 9 & 10) point out that Fig. 1 . Sketch of a thin film formed between two identical small bubbles or drops. Also shown in the lower part of the figure is a film formed between two parallel discs.
this situation is usually realized with Rc < 0.1 cm and h < 2 x l0 cm which is in agreement with the criteria (1) . The possibility for a film to form and thin without a dimple when the particles are small was also recognized by Buevich and Lipkina as well as by Jones and Wilson (Ref. 11).
The theoretical treatment of the dimple formation and evolution with time (stage 3) is a very difficult problem. Since the early work of Deryaguin and Kussakov (Ref. 11), many efforts have been made to resolve it (Ref s. 6 & 11) . Since the authors of the various papers use different approximations and assumptions (sometimes difficult to justify, let alone to assess properly), it is impossible to compare those theories quantitatively both among themselves and with the experiment, the latter by itself being often irreproducible. Their common features are that: (i) they all predict, at least qualitatively, the experimentally observed shape of the film, and (ii) they all fail to predict that under certain circumstances the dimple is pushed out of the film which becomes (almost) plane-parallel. It is my belief that this failure is caused by the neglect of inertia effects in the above theories. It prevents them from finding that at a certain thickness the dimple becomes dynamically unstable (Ref s. 3 & 10) . At what thickness this instability will occur must depend mainly on the particle size, density difference Lip, interfacial tension and surface mobility, the latter being determined by the ratio of the viscosities of the particles and the continuous phase and surfactant properties and concentration. 
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With small particles this usually happens before the thinnest parts of the film rupture (Refs. 7, 9 & 10 All the above arguments, both experimental and theoretical, suggest that life-times calculated using the model of the plane.-parallel film can be reasonably close to the real lifetimes of dispersions containing small particles (droplets or bubbles). Since this model enables one to account in quite detailed form for the role of the surfactant and the liquid flow in the droplets, it thus leads to some interesting predictions for the behavior of disperàions of small particles with low stability, when the surface mobility is of major importance. The numerous effects related to the surfactant and/or liquid flow in the droplets depend strongly on the surfactant concentration and are usually coupled so that even in the rare cases when reliable experimental data are available it is difficult or even impossible to say which one plays the.major role.
Thepurpose of this paper is to give a brief and simplified account of some conclusions we have reached in our studies of the hydrodynamics of thin liquid films with mobile interfaces. I will not attempt any detailed discussion of the mathematical deny ations and approximations used (this discussion is available in the papers cited) nor will I give an extensive literature review. Instead, I will try to emphasize only some effects which I believe to be of importance. These effects all stem from the "thinness't of the film; in other words, they are not observed in macroscopic systems built up of the same fluids. This makes them hard to detect experimentally without the appropriate theoretical treatment.
The paper is organized as follows: In the next section a brief formulation of the problem and the methods of solution are given. The results for the velocity of thinning are discussed in Sections 3 (foam films) and 4 (emulsion films). The wetting films (one flat interface solid/liquid) are considered together with the analogous films with two fluid interfaces: in Section 3 when the film is formed between a bubble and a solid surface and in Section 4 when the particle is a droplet. The rupture and the life-time of thin films are the subject of Section 5. Since all these results are derived using the model of the plane-parallel film, it seems pertinent to include some results for films with deformable interfaces which bear out the applicability of this model. This is done in Section 6.
FORMULATION OF THE PROBLEM
When two fluid particles come close to each other under the action of an external driving force, F, the increased hydrodynamic resistance at the narrowest part of the gap results in a flattening of the particles' surfaces ( Fig. 1) . As the film thins further, the major part of the energy is dissipated in this flattened region whose radius, R, is of the order of
(Ref s. 6 & 8) . For small values of the particles' radii, Rc and thickness at the center (at r = 0), h, when conditions (1) are fulfilled, h2/R2 = c << 1 so that the fluid flow in the gap is governed by the equations of lubrication theory:
where p is pressure (p,, isthe pressure in the quiescent liquid), yr and vz are fluid velocity components along the coordinates r and z, and i is dynamic viscosity. Eq.
(3d) expresses the balance of forces acting upon the particles' surface and leads to the sought for dependence of the velocity of thinning on the driving force. These equations were.solved by Reynolds (Ref. 13) for a film formed between two rigid discs (see lower part of Fg. 1), with the result: VRe = 2h3F/3iqiR4 (4) When the two discs are very close to each other (h < lO cm) one must account for the interaction between them. Then it is advisable to introduce the driving pressure (Ref s. 9 & 14):
where IT is the film disjoining pressure (for definition of TI see Ref. 15), i.e. the force per unit area, stemming from the interaction of the two surfaces.
II is positive when it tries to repel the two surfaces.
There are two major assumptions involved in deriving (4): the surfaces are considered as being 1) non-deformable and 2) tangentially immobile (yr is assumed zero at the discs' surfaces). Neither of them is true under all circumstances for films with fluid/fluid interfaces, nor do these filmshave well defined radii. It can be shown, however, (Ref. 8 ) that if an effective radius R is introduced via Eq. (2) and if the conditions (1) are met, the functionality of the velocity of thinning of a deformable film with tangentially immobile surfaces, Vimmob = -dh/dt, upon F, h, p and R is the same as in Eq. (4) and only the numerical coefficient is slightly different (1/2 rather than 2/3). Moreover, it was also shown (Ref. 16) that the effect of the surface mobility on the velocity of thinning in many cases is the same for foam films with deformable and non-deformable surfaces. That is why almost all results hereafter for the velocities of thinning and wave motion are written as ratios of their values for tangentially mobile and immobile film surfaces. These ratios represent mobility factors which presumably depend slightly or not at all on the film shape. Since the mobility factors can be much greater than unity, this effect is by far more importandt than the deformation of the surfaces.
Surface thobility affects the velocities of thinning and wave motion through the boundary conditions at the film surface (Ref. 4) . As the liquid flows out of the film toward its thicker parts it carries away the surfactant ("convective flux" in Fig. 2 ), thus perturbing its equilibrium distribution. This generates reverse fluxes, tending to restore the equilibrium distribution: surface diffusive flux and bulk fluxes from the film and the drop (in the case of an emulsion film). The bulk flux can be conveniently split into two subse- 
where a0 is the concentration independent factor in the adsorption rate constant (Ref. 4 , p. 415, and Ref. 14) and rc,, and a are the constants in Langmuir's adsorption isotherm: + c ); the second equation (6) is valid only for surfactants obeying Langmuir's adsorption°model. With K >> 1 the process is diffusion-controlled and in the opposite case, adsorption controlled. Note that because of the factor R/h >> 1 in Eq. (6) the surfactant transfer in the film is much more likely to be diffusion controlled than is a similar process taking place at the interface between two bulk phases. In he most interesting region of low surfactant concentrations, c0 <<.a, one has K = a0ro,R /aDh. If rja = l0 cm, R = 10-2 cm, D = l0 cm2sec-and h = l0 cm, then K = 103% so that in most .cases the surfactant transfer is diffusion controlled (K >> 1). Adsorption will be slow enough to be the rate-determining process only if a0 << l0 sec1 (see Note a). In the opposite case, c0 >> a, as the diffusion flux increases K decreases and adsorption has more chances to be the rate-determining process.
I will confine myself now only with the more probable mechanism of diffusion controlled surfactant transfer (although .the other case has also been treated in Refs. 14, 16 & 19) . In this case local equilibrium between the surface and the adjacent liquid layer is assumed; in other words, the surface concentration is calculated from the bulk concentration at the film surface (z = h/2 for the upper surface) using the equilibrium adsorption isotherm.
The surfactant mass balance at the film surface reads
r 3r r3r s 3r
where superscript "d" denotes quantities pertaining to the drop and D5 is surface diffusivity. In formulating (7) The second important boundary condition affected by the surface mobility is the surface tangential stress balance (Fig. 3) . The non-uniform surfactant distribution leads to surface flow, which in turn gives rise to surface stresses. The difference in surface concentration along the surface results in difference of the local values of the surface tension, cy, which produces a surface force (equal per unit length to the gradient of the surface tension) opposite to the liquid flow. On the other hand, during its motion, the surfactant monolayer may undergo dilating and shearing deformations which also produce surface stresses. Note a. The numerical estimates everywhere in the paper are based (unless otherwise specified) on some typical values of the system parameters quoted at the appropriate place. The values of these parameters may sometimes vary largely from system to system. If such is the case, some conclusions reached in the present paper may turn out to be inapplicable to that particular system.
SURFACE STRESS
drop must counterbalance the tangential bulk stress from the film liquid, which causes the surface flow. (8) where the surface viscosity, 1t, for the present axisynunetric system is the sum of the dilatational and shear surface viscosities. If there were no surfactant diffusion, the liquid flow would initially stretch the surfactant monolayer until a steady distribution is estAblished, at which the surface tension gradient is sufficiently large to stop the flow at the surface. Indeed, Eq. (7) (8) may differ significantly from the value measured experimentally for the same surfactant at the interface between two bulk phases. Fortunately, the contribution of this term is usually small as far as film thinning is concerned: its ratio to the term on the left hand side of Eq, (8) These are the main equations needed to solve the problem, which reflect the physical effects involved. Some additional effects related to the wave motion will be discussed in Section 5. More detailed mathematical formulation of the problem, including all equations and boundary conditions used, can be found in Ref s. 27 & 28. I now proceed with the discussion of the results so derived.
FOAM FILMS
Because of the low viscosity of the gas in the bubble, in this case the term with in Eq. (8) can be dropped. Since the surfactant is soluble only in the continuous phase, the teim with cd in Eq. (7) is also zero. Then V/VR = 1 + lit = 1 + b + h5/h (9) where the quantities
account for the bulk and surface diffusion, respectively. In the case of Langmuir's adsorption, using Gibbs adsorption isotherm, one can write 311D(a + c )2 6iW a h= (11) T kTc r kTc 0
0°°0
where k is Boltzmann's constant and T -absolute temperature.
The relative contribution of the bulk and surface diffusion depends on the thickness and the ratio h5/b which at c0 << a and D5/D 10 (see below) equals 2Dr00/Da 10-2 cm.
Since h r lO cm, at low surfactant concentrations the mobility ratio, V7VR , is entirely controlled by the surface diffusion. In this case the velocity of thinning epends only on the surface properties of the surfactant so that the mechanism of its supply onto the surface (diffusion or adsorption controlled) is immaterial. With lower concentrations, h5 is larger and the film thins fas,ter. Note also that this effect depends strongly on the thickness. Indeed, with r, kT 10 and c0/a 0.1, h5 l0 cm; therefore, at h > l05 cm the film can behave like one without surface mobility and still have at h < 10-5 cm velocity of thinning significantly larger than VRe That is why conclusions about the role of the surface mobility based on investigations of the velocity of rising of single bubbles might be irrelevant to the film thinning.
The surface diffusion effect steadily decreases with increasing concentration, whereas b increases at c > a. That is why the velocity ratio, V/VRe exhibits a minimum at c0 = a(l + 2DsrjaDhuu'2. At c > c bulk diffusion is operative in controlling the surfactant transfer. This case is of lesser interest, however, since bulk diffusion is less efficient in promoting surface mobility. Recall also that with c0 > a the process may be adsorption controlled. The above consideratiOns will still be valid when the mechanism of adsorption is not Langmuirian, but then the general expressions (10) must be used. The surface mobility effect may be then even higher, especially in the cases when the adsorption isotherm does not reach saturation.
The neglect of the surface diffusion when analyzing bubbles' coalescence phenomena may lead to a serious overestimate of the effect of the dlsjoining pressure, TI. This can be best demonstrated by considering the way II is calculated from the measured velocity of film thinning in the dynamic method of Scheludko (Ref. 9) . If one assumes that the film thinning is governed by Reynolds' equation (4) and write this equation in the form (see also (5)) V/hi = (l + f) ( is a factor comprising all thickness independent quantities and f(h) = -irR2TI(h)/F), one is able to conclude that V/h3 vs. h should be a constant, f3, as long as f << 1. From the deviation of V/h3 from at lower thicknesses, one calculates the disjoining pressure. (To avoid differentiation of the experimental data for the thickness vs. time, usually h2 is plotted vs. time, which is essentially the same.) If, however, the thinning is governed by Eq. (9) rather than by (4), one has
Therefore, the appropriate processing of the experimental data would be to plot V/h3 vs.
h-(see . ...
The dynamic method hs been extensiv1y applied to the measurement of the van der Waals disjoining pressurein non-aqueous liquid films (see the references in Ref. 9) when no other method can be used. The deduced values were 5 7 times higher than the ones theoretically calculated (Ref. 29). With water films both static (with equilibrium, non-thinning films) and dynamic measurements are possible. The static results coincide reasonably well with the theoretical estimates whereas the dynamic values are nearly 2 times higher.
All these facts find their natural explanation if allowance is made for the surface diffusion. The surface activity, r/a, in non-aqueous solutions is normally lower than in water, is probably higher, and h5 should be accordingly higher (see Eq. (11)). That is why the effect of the surface diffusion will be more pronounced and hence the overestimate of II larger in non-aqueous solutions. A similar situation should exist with emulsion films.
If surface diffusion is neglected, not only the numerical values of II, but the deduced functionality on h may be wrong. To illustrate this let us assume the simplest possible case, when the Hamaker function, A, is a constant and the real (presumably known) isotherm is 11 = -A/6vh3.
By inserting this in (12) one can calculate V/h3 as a function of h. Let us assume now that this is the experimental curve V/h3 vs. h and try to process these data by neglecting surface diffusion. Simple calculations lead to the following relationship between the "measured" (in this way) Hamaker function Am, and its "real" value, A:
Therefore, we would discover in this way an apparent dependence of the "measured" Hamaker function on the film thickness.
Eq. (9) system is that it is is possible to vary the surface mobility in a wide range. The comparison of Figs. 7a and 7b reveals an almost immobile surface with silicon oil and pronounced bulk and surface diffusion with dodecanol (intersection larger than one and finite slope in Fig. 7b ; cf. Eq. (9)). All curves were calculated with the same theoretical disjoining pressure isotherm. The average values of the diffusivities of C12H250H, calculated from As c0 -0 both b and h go to infinity (see Eqs. (10) and (11)) so that V should be apparently infinite also. It is not so, however, because in this case some of the assumptions used in deriving Eq. (9) fail. Most important is probably the failure of the lubrication approximation. Eq. (3a), for example, is based on the assumption that the radial velocity varies much faster normal to the film surface than in a radial direction. With c0 + 0, however, the surface velocity increases so rapidly with r, that the above assumption does not hold any longer. This problem was considered in Ref. 34 . By giving up the lubrication approximation in its conventional form, the following equation was derived:
The merit of this equation is to give as limiting cases both Eq. film without surfactant, i.e. with & -* 0. Its shortcomings are numerous, the most important ones being, first, that the film may hardly be considered as being plane-parallel at C ± 0; second, the convective surfactant transfer in the film is perhaps not negligibye; and third, the perturbation of the surfactant distribution, (r0-r)/r0, is certainly not small as it was assumed when deriving (13). The second effect was estimated in Ref. 14. Its contribution, which is of the order of 1LVR2/hr0(a0/c0) , becomes sizable only at very low concentrations, c0/a < lOs, when the surfactant transfer is certainly dominated by the surface diffusion. The estimate of the last approximation was given in Section 2, below Eq. (7). The error introduced by it is (r0/c0)/h >> 1 times larger than the one due to the neglect of the convective diffusion.
In the case of wetting films one can assume that the radial velocity is zero at the solid! liquid interface. The resulting equation for the velocity of thinning is (Refs. 14, 27 & 34)
. V/VRe = 4(1 + e)/(l + 4c) (22) where c has the same meaning but differs by a numerical coefficient from e (cf. Eq.
(15)). Since C is very small, V 4VR -Therefore, because of the low surface velocity in this system (see the discussion of Eq. l4)), the circulation in the drop is small and almost all the energy is dissipated inside the film. In the general case of two different 
One must bear in mind that in this case the film is not flat so that special care must be Two special cases were considered: surfactant soluble either in the continuous phase or in the drops (system I and II in Fig. 8 ). The velocity of thinning, V', for system I was found to be:
Since h/he (cf. Eq. (9)) and 6e = (h/he)41'3 at h = l0 cm, e becomes comparable to €t (with the assumed typical values of the system parameters) only at c0/a l0. Therefore, almost always ce can be neglected and (25) reduces to (9) . In other words, even a small amount of surfactant soluble in the film is sufficient to suppress the dissipa- since ac/er = 0. Therefore, the surfactant does not affect the velocity of thinning, Vu, which for this system is the same as for a system without surfactant (cf. Eq. (15)):
V"/VR = 1 + l/Ce p 1/e (27) Therefore, the velocities of thinning for two systems differing only by the solubility (not concentrationi) of the surfactant may differ by orders of magnitude. This dramatic difference between the two systems is due to the way the surfactant is transported. In system I it has to go a long way from the film perimeter. Since the driving force of this process is the gradient of surface concentration along the surface, the diffusion can never eliminate the surface tension gradient. In system II the surfactant has to travel a much shorter distance: it is transported from the bulk of the drop onto the surface across the diffusion boundary layer, whose thickness is much smaller than the film radius. Besides, the surfactant flux is driven by the normal gradient of the concentration, so that it can completely counterbalance the perturbation of r caused by the surface convective flux. The path of the surfactant is shown in Fig. 8 by arrows.
This effect is probably related to Bancroft's rule and its explanation, as given by Davies (Ref. 39).
Our results indicate that at least in the case of the droplets' coalescence being preceded by the formation of a thin liquid film, the hydrodynamic factors for direct and reverse emulsions in Davies' theory may differ substantially and cannot be equaled as Davies did. This difference may perhaps be immaterial in the case of stable emulsions, where the energetic barrier against coalescence Is high, but for emulsions of low stability the ratio of the hydrodynamic factors could play a decisive role. According to the results of the present work, the hydrodynamic factor will be much greater for the droplets formed by the liquid where the surfactant is. soluble. This will lead to a faster coalescence of these drops and will favor the formation of the emulsion in which the continuous phase is formed by the liquid where the surfactant is soluble. This conclusion is in accordance with Bancroft's rule.
The theoretical conclusion about the independence of thevelocity of thinning on the concentration of the surfactant added to the drop seems to agree with the finding of Hodgson and Lee ( was the first to point out that local fluctuations of the film thickness (which are always present either because of mechanical perturbations or thermal fluctuations) lead to two opposite effects: positive contribution to the free energy due to the increase of the film area and negative contribution resulting from the increased negative van der Waals energy of interaction in the thinner part. The latter effect increases as the average thickness decreases so that at a given thickness, ht, which we will call "transitional" (it is called "critical" in Ref s. 9 & 43) the two effects compensate each other.. Below ht the change of free energy is negative, the corrugations become unstable and.will spontaneously increase their amplitude until the film surfaces touch .each other. When this happens the film will either rupture (at low surfactant concentrations) or a black spot will form, which is the nucleus of a thinner stable second black film. We call "critical" the average film thickness at which either of these events occurs. 
CRITICAL THICKNESS OF RUPTURE AND LIFE-TINE OF THIN FILMS
More importantly, he showed that instability may occur at vanishing wave amplitudes, provided that the average film thickness, h, is small enough and thus opened the way to the linear stability analysis.
The latter was first applied to film.rupture by Vrij and Vrij and Overbeeck (Ref. 46). Vrij also realized that at the transitional thickness the rate of deepening of the corrugation is zero (see below) so that finite time is needed for the two surfaces to touch each other during which the average thickness of a thinning film will decrease. Besides, there is not just one wave but an infinite set of them because the "roughness" of the film surfaces, that as the film thins C increases very slowly and the ratio C/h for the critical wave becomes equal to 0.1 only at thicknesses very close to hcr. This is also confirmed by the relatively good agreement between theory and experiment for aniline foam films at very high dodecanol concentration, 0.11 N, when the surface is presumably nearly immobile (Fig. 11 ) (Note b).
Another possible shortcoming of the theory is the use of the model of the plane-parallel film. With small bubbles, however, the critical thickness is small enough for the film to meet the requirement (1 ) and the film to be plane-parallel. This is also confirmed by allowed us to account in detail for the transfer of a soluble surfactant, as well as for the film thinning. 
The small wavelengths are inefficient in promoting instability, because they lead to high surface curvature, opposing the local thinning. The long waves are easily damped, because they involve liquid transport at large distances. These physical arguments, due to Scheludko (Ref. The time dependence of the film shape is accounted as usual by assuming that all quantities are proportional to a time factor, exp(wt), where w has the meaning of angular frequency. The transient term PVr/at, that would appear in Eq. (3a), if it is to be applied to wave motion, will be uh2/\) (v = p/p is kinematic viscosity) times smaller than the viscous terms. Because of the small thickness of the film this term also is usually very small, i.e. wh2/v << 1. The length scales of the flow in the drops in radial and normal directions are the same, A, so that neither of these approximations can be used there.
The most important difference between the film thinning and the wave motion is that in the latter case the local curvature of the film may be high (see Fig. 10 ). The local capillary pressure tends to flatten the surface (Note c). On the other hand, in the thinner parts of the film the (negative) van der Waals disjoining pressure will be higher and will try to move the liquid toward the thicker parts. At the transitional thickness these effects cancel each. other and there is no pressure variation along the film, p/r = 0; the wave is in a metastable equilibrium, so that w=O at h=ht.
At h < ht, the thinner parts become thinner and thinner until rupture occurs. With these modifications we can again use the procedure from Section 2 to describe the wave motion. We shall keep, however, the surface viscosity term in Eq. (8): since the radial length scale now is X << R, it may be important even with small surface viscosities.
Since, exp (wt), (34) the evolution of the shape of a non-thinning film with time at a given thickness h will be detrmined by w. An expression for w of elmulsion films with arbitrary viscosity ratio, is available in Ref.
28. In the most interesting case of comparable viscosities, more precisely, (kh) >> >> kh,
it reduces to
where k 2v/X is wave number,
is the angular frequency for the same film with tangentially immobile surfaces and ce = khi'/3i accounts for the circulation in the drops. The term N accounts for the efect of Marangoni-Gibbs. When the surf actant is soluble in both liquids, either of the following equivalent expressions can be substituted for it:
r (a Ic'1) kh D r 1d As already mentioned, the transitional thickness, ht, is defined by w = 0, which yields (see Eq. (37)):
The first term in Eq. (41) accounts for the capillary pressure whereas the second is due to the local variation of the disjoining pressure. If II obeys Hamaker's law, Eq. 
where Eqs. (9) and (40) were used.
Since the right-hand sides of Eqs. (42) and (9) are the same, everything said in Section 3 about the effect of the surfactant on the velocity of thinning will apply to the angular frequency, w, and hence to and the velocity of deepening of the corrugation = at/at = g.
For example, the maximum damping of the wave will occur at the concentration c, at which exhibits a maximum (see Section 3). At larger or smaller concentrations the damping is smaller, v is larger, and the rupture time of a non-thinning film will be accordingly shorter. ( This has lead some investigators to seek correlations between damping coefficients and elastic properties of the interface on the one hand and the experimentally observed decrease of foam stability (Ref. 57 ) and increased thickness of rupture with low surf actant concentrations on the other (see Fig. 12 ). We will show now that as far as rupture of thinning films is concerned, the situation is much more domplicated and such a correlation, if there is any, may be fortuitous. This is one more example of how the "thinness" of the film makes its behavior much different from that of an interface. of viscosity eases the wave motion and the wave will reach the same amplitude, = her!2 which corresponds to rupture at larger values of p, for a shorter time. Simultaneously, the thinning is also faster so that for this shorter time the film is able to thin to the same thickness, at which the rupture will again occur.
Eqs. (9) and (42) suggest that the same should be true for the role of the surfactant concentration, C : since both w and V increase by the same factor as c0 decreases, the critical thickness should remain the same, which contradicts experimental results (Fig. 12) . The hydrodynamic coupling is also negligible when the surface mobility is controlled by bulk diffusion, whose contribution to the mobility ratio does not depend on the thickness (see Eq. (10)). The situation is quite different, however, when surface diffusion is effective. Since it affects more strongly the thinner parts of the film, it will enhance the local deepening more than the thinning, i.e. the decrease of the average thickness. The net outcome of this is a larger increase of the ratio ,'(°) than predicted by Eq. The studies of the stability of thin films are interesting and important per se, because they improve our understanding of the mechanism of rupture and provide theoretical estimates of the order of magnitude of the critical thickness. The variations of the critical thickness from system to system, however, makes little or no difference on the life-time of drops and bubbles which is determined (in the absence of long-range repulsive forces) mostly by the large variations of the velocity of thinning. To demonstrate this let us c2nfine ourselves to the comparison of the life-times for tangentially immobile surfaces, (°), and highly mobile surfaces, I. In the latter case, Eqs. (9) and (15) 
one gets h0 -h(n)
h VRe h0
where V/VR >> 1 i evaluated at
The reported values of h r vary between 3 x 10-6 an 6 x l0 cm so that the second factor in (47) can hardy exceed two. There-fore, the reported variations of from fractions of a second to tens and even hundreds of seconds can be explained (in the cases when the above model applies) only in terms of variations of the velocity of film thinning. 6 •
THIN FILMS WITH DEFORMABLE SURFACES
Since the model of the plane-parallel film is of crucial importance for the validity of the results presented so far, it seems pertinent at this point to give a brief account of some results for films with deformable surfaces, which bear out the applicability of the model and establish its limitations as well.
The lubrication theory approximation applies not only to the thinnest part of the film (r < R in Fig. 1 ) but also to a region extending beyond R (Ref. 8) . That is why the method described in Section 2 can be applied also to films with deformable interfaces. Eqs. (3) 
The velocity ratios (58) and (59) b) The surface diffusion affects the shape of the bubbles and leads to a mobility ratio which is slightly different from (52):
V/Viob = 1 + b + h5/3h. (60) Since the effect of the surface diffusion decreases as the gap width, H, increases, its contribution to the mobility ratio is smaller than for a plane-parallel film with thickness h. 
